ABSTRACT: Satellite antenna design requirements are driving the satellite size to dimensions that cannot be launched into space using current technology. In order to reduce the launch size and mass of satellites, inflatable structures, also known as gossamer structures, are being considered. Inflatable space-based structures are susceptible to vibration disturbance due to their low stiffness and damping. This paper discusses the structural dynamics and vibration suppression via piezoelectric actuators of an inflatable torus.
INTRODUCTION

Motivation
S ATELLITE antenna design requirements are driving the satellite size to dimensions that cannot be launched into space using current technology. This problem has introduced a revolutionary change in current satellite design. Instead of using large rigid antennas, new satellites may be inflatable. Inflatable satellites, also known as gossamer structures, have many advantages, the most important being the potential for significantly lower cost, volume, and mass. Inflatable structures also have additional challenges. It is well known that many traditional space structures have encountered vibration problems. The Hubble Space telescope was susceptible to vibrations induced by thermal shock as it moved in and out of the earth's shadow, rendering it useless for 15 min at a time [18] . Typically space structures have vibration problems due to low structural stiffness and the lack of air damping in the vacuum of space. Inflatable satellites are likely to be even more susceptible to vibration problems because of low structural stiffness and material damping. There are two main types of vibration excitation for satellites: shock and harmonic. Shock disturbances can come from a number of sources such as meteoroid impact, thermal shock, and satellite repositioning. Harmonic excitations typically come from rotating unbalance on the satellite itself, such as rotating imbalance in a reaction wheel. Attenuating these disturbances is paramount to maintaining their performance. Traditional passive damping measures typically add mass and or stiffness to the structure, which is not desirable. Using active control and smart materials is an approach that has the potential to attenuate vibration without significantly increasing the mass or stiffness of the structure.
The purpose of this paper will be to create a model of an inflated torus with attached piezopolymer patches. The interaction of the piezopolymer patches with the host structure, the inflated torus, will be examined. Finally a simple control system will be implemented to demonstrate the feasibility of suppressing vibration in the torus.
Overview of Inflatable Satellites
Inflatable technology is not new. Inflatable structures were in orbit in 1960 with NASA's ECHO I and ECHO II project. The ECHO spacecraft were communications satellites. The Explorer IX and XIX inflatable spacecraft were used for high altitude atmospheric studies. These spacecraft ranged in size from 12 ft in diameter and 34 lb for the Explorer spacecraft to 135 ft in diameter and 580 lb for ECHO II. Lack of understanding of inflatables and the overestimation of the meteoroid *Author to whom correspondence should be addressed.
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threat led the space industry to abandon inflatables until recently [1] .
The satellite that will be considered here is based on the Inflatable Antenna Experiment (IAE) shown in Figure 1 which was performed in 1996 [19] . L'Garde and NASA JPL worked together to perform the experiment. Antennas of this type could be used for space and mobile communications, earth observations, astronomical observations, and space-based radar.
The satellite is made up of four major components: lens, torus, struts, and body. The inflated parabolic lens is 14 m in diameter. The lens is constructed of a clear canopy on the side facing the body and a reflective surface on the other. The lens is supported with an inflated torus by means of 62 flexible ties. The torus has a major diameter of 15.2 m and a cross-section diameter of 0.61 m [6, 7] . The three inflated struts are 28 m long and attach to the torus by means of rigid adapter rings which are used to interface the strut-end fittings to fittings that were bonded on the torus [5] . The struts are attached to the body using additional fittings. The body contains the communications hardware, positioning hardware (reaction wheels), and inflation system. The packaged predeployment dimensions of the antenna are 6 0 Â 3 0 Â 3 0 . The total weight of the inflatable antenna structure is 60 kg [6] .
MATERIAL
The IAE struts and torus are constructed with 0.3 mm (0.012 00 ) thick neoprene rubber coated kevlar fabric. Neoprene coated kevlar is readily available, strong, leak-free, bondable, flexible and reasonably priced [6] . The material was selected because L'Garde, the antenna manufacturer, had extensive experience using the material for other projects.
The reflector is made of 6.35 mm (0.00025 00 ) Mylar film with vapor deposited aluminum to form the reflective surface. The reflector is fabricated by joining flat pie-shaped gores, which are joined using Mylar tape. The canopy is made from the same Mylar film without the addition of the reflective coating. The reflector is stressed, via pressurization, to 6.89 MPa because this stress level has been shown to remove the packaging wrinkles [7] .
The analysis used in this paper will be based on the material Kapton, a thin polyimide film made by DuPont. The thickness of Kapton for this analysis is 0.003 00 . Kapton is a material that shows significant future promise for application in inflatable space applications. It is stable at both high and low temperature extremes and is tough and abrasion resistant. The analytical disadvantage of Kapton is that it exhibits significant non-linear properties, being both temperature and frequency dependent.
PRESSURIZATION AND DEPLOYMENT
The IAE satellite structure, torus and struts, are inflated with nitrogen to an operating pressure of about 2.9 psi. The lens is operated at a pressure of 0.29e À 3 psi, much lower than the rest of the structure [6] . Using the material Kapton, for the structure but not the lens, the satellite structure would be pressurized to 0.5 psi, not to exceed 1 psi [20] . These pressurization levels, of about 0.5 psi, will be used in the following analysis. The inflation pressure is maintained by an on-board control system and bottle of pressurized nitrogen. As the satellite moves in and out of the sun, nitrogen may be vented and refilled to account for the change in pressure [20] .
Deployment control is important for inflatable antennas to avoid damaging them. The deployment sequence planned for the IAE was not successful due to the presence of residual gas in the structure, which deployed it in an unanticipated manner. Fortunately the antenna did deploy successfully, but in an uncontrolled sequence. More development of ascent venting and deployment techniques is required for future missions [5] .
RIDIGIZABLE STRUCTURES
The satellites described here need to maintain their internal pressure to have structural stiffness. Although, as mentioned above, the risk of meteroids and other objects impacting the structures is relatively small, it may be desirable to have structures that are ridigizable. These structures would deploy like the inflatables described above, but would then ridigize so they no longer needed internal pressurization to maintain their shape. Different ridigization techniques are being examined, one of the most prevalent being curing the material with ultraviolet light. The UV radiation in space can be very intense and is an excellent source of energy for rigidizing a structure. Other possibilities are thermoset materials, which could require a large amount of thermal energy to cure, or water-based materials that harden as they dry [3] .
Literary Review
MODELING AND TEST
A torus, although a fairly simple structure in concept, is actually numerically very challenging. Few fully analytical solutions for the vibrations of toroids exist due to the complexity of the problem. Numerical solutions for the axisymmetric vibrations of toroids were examined in the 1960s by Liepins and Jordan [10, 11, [14] [15] [16] . Liepins uses finite difference methods and Sanders linear shell theory to explore the free vibrations of the prestressed toroidal shell [15] . Liepins is most concerned with axisymmetric cross-sectional deformation of the torus, the deformation of the tube, but also discusses in limited detail the global deformation of the torus, the ring modes. The ring modes are approximated by the vibrations of a thin ring without prestress. The relative importance of the types of mode depend on the torus aspect ratio, defined here as the radius of the tube divided by the radius of the ring as shown in Figure 2 .
Liepins also created numerical models of toroidal shells with non-constant wall thicknesses and various types of support located at the inner and outer circumferences of the torus [16] . A test was also performed by Jordan on toroids similar to those modeled by Liepins [10] . Jordan found that the fundamental modes of the structure agreed well with predictions obtained from static asymptotic analysis using the Rayleigh quotient. Interestingly he found significant acoustic structural interactions. He proved the existence of the interactions by replacing part of the air in the test object with helium.
MODELING OF A TORUS
The analysis method presented here makes use of the availability of highly refined commercial finite element programs to formulate mass and stiffness matrices representing the model. These mass and stiffness matrices can then be manipulated outside of the bounds of the finite element package using MATLAB, a computer mathematical tool specializing in matrix manipulation. The matrices extracted from the finite element model are large and need to be reduced for efficient computation and control. Mass condensation is performed before solving the eigenvalue problem and modal truncation is used when designing the controller. The model is represented in state space so that traditional control tools can be used to manipulate it.
The torus was modeled in ANSYS using linear thin shell elements. Shell93 elements were used that have eight nodes, four corner nodes and four midside nodes. Each node has six degrees of freedom, translation and rotation in x, y, and z. The rotational inertia is assumed to be negligible for these elements so the rotational mass is zero. The stress field in the pressurized torus is very sensitive to irregularities in the mesh, therefore the mesh was created externally to ANSYS and then the node and element definitions were read in using input files. MATLAB was used to generate the node and element definitions. The model is defined by the geometry, based on the nodes and elements, the real constants, which define the shell element thickness, and the material properties. These values are listed in Tables 1  and 2 . The torus is made of Kapton and PVDF patches are attached to it to use as actuators to implement the control algorithms.
The PVDF patches were placed on the torus by collocating additional Shell93 elements on top of the existing elements. The location of these patches is shown in Figure 3 . This is an approximation of the actual structure because the two elements exist in the same plane, thereby having a slightly lower bending stiffness than the actual structure.
An internal pressure of 0.5 psi was applied on all of the Kapton elements to simulate the pressure in torus. 
FINITE ELEMENT MODEL VERIFICATION
A number of test cases were examined to verify the use of the commercial finite element program ANSYS to model the dynamics of prestressed structures. First a tensioned string and tensioned membrane were compared to analytical solutions. Convergence is demonstrated on the model of the torus by solving for the modal frequencies with varying mesh densities. Finally the converged torus model is compared with a model proposed by Liepins [15] to solve for the axisymmetric modes of vibration.
Model Convergence
To confirm the convergence of the model, the torus was meshed with 120, 240, and 480 elements. Table 3 shows the resulting first 7 natural frequencies for each model. The heading ''N Â N'' refers to the mesh density of the model, where ''30 Â 4'' is a torus meshed with 30 elements around the ring and four elements around the tube for a total of 120 elements.
The models with only 15 elements around the ring do a poor job of predicting modes higher than 4. All of the models with 30 elements or greater around the ring produce very similar results. There is only a 0.44%, or 0.08496 Hz, difference in modal frequency at the seventh mode between the 60 Â 8 and the 30 Â 4 models. The 30 Â 8 model will be used for the remainder of this analysis. Eight elements are necessary around the tube to produce fine enough discretization to locate the PVDF excitation.
External Verification
Modal testing of inflated structures has proved challenging. Testing inflatable structures in ambient and vacuum conditions has yielded dramatically different results [12] . Given the practical complications of testing inflated structures, and obtaining meaningful results, the finite element model will be verified from previous analytical work available in the literature.
The model results were compared with Liepins work in 1965 [15] . Liepins examined the axisymmetric modes of the prestressed torus using Sanders linear shell theory and finite difference methods. The material properties and geometry examined is listed in Table 4 . Liepins was concerned with the axisymmetric modes of vibration, which is only a small subset of the actual modes of the torus. The finite element solution produces a much larger number of modes and it is necessary to sort though them to find the axisymmetric modes to match those calculated by Liepins. The first four axisymmetric modes of vibration are compared.
The models were found to compare very well as shown in Table 5 . The finite element model had 30 elements around the tube diameter and 80 elements around the ring diameter.
PROBLEM FORMULATION
The dynamics of the torus can be represented by Newton's second law, F ¼ ma. Summing forces on the torus results in the matrix equation
where M and K represent the symmetric mass and stiffness matrices, x and € x x are the vectors of displacement and acceleration, and f is a vector of external disturbances. The vector y is the desired output from the system. The mass and stiffness matrices are extracted from ANSYS through a fairly involved procedure. The matrices are initially very large, on the order of 4000 by 4000, and can be condensed using mass condensation. These matrices need to be reduced in order to solve the eigenvalue problem to determine the natural frequencies and modes of vibration for control.
Standard mass condensation, essentially a specific case of Guyan reduction where only massless degrees of freedom are removed, was used [9] . Following model reduction the eigenvalues and eigenvectors were computed. The physical mode shapes were then determined and the equation of motion expanded in modal coordinates through the modal transformation
by recognizing that
because the eigenvectors are mass normalized. The modal equation consists of square matrices. The matrix Ã is a diagonal matrix of natural frequency, in rad/s, squared. The rigid body modes were removed from the mode shape matrix É for a clearer understanding of the behavior of the structure [9] . The modal equation was then reduced to first order by the transformation
where f is now a horizontal vector of n inputs and B is a matrix with n columns. The product Bf is equivalent to the vector f used previously, as in Equation (1). Equation (9) considers no damping. Modal damping can be added in the form 2! n where ! n is the modal frequency and is the damping ratio. In this case both ! n and are matrices. The matrix of modal frequencies can be expressed as ffiffiffiffi Ã p and the matrix of damping ratios is a diagonal matrix of the individual modal damping ratios. A modal damping ratio of 0.01 will be used here. Therefore, adding damping results in the equation
Equations (11) and (10) can now be expressed in compact form as
Using this form a controller can now be designed.
ACTUATORS AND CONTROL DESIGN
To attenuate vibration in the torus, a closed loop control design is implemented. Piezoelectric patches, made of PVDF, are modeled as bonded to the surface of the torus and act as both sensors and actuators. The bonded piezoelectric patches are treated as layered beams to determine the force output to the torus. Two control techniques are examined. Pole placement techniques are initially chosen as a one of the most basic benchmark state space control techniques. Velocity feedback is examined as a simpler control algorithm. None of the controllers designed here are likely ideal. The controllers chosen here are for the purpose of demonstrating the controllability of the system, not necessarily because they are the best controllers to use.
Piezoelectric Modeling
One of the simplest models of actuator-substrate interaction is the pin-force method. This method treats the substrate as a beam and the actuator as an expanding rod with their ends pinned. When the actuator expands it produces a moment on the substrate thereby bending it. This model can be inaccurate because it does not consider the bending stiffness of the actuator.
To determine the force transferred to the torus from the piezoelectric patches, Bernoulli-Euler beam theory is used. This method treats the actuator and substrate as a composite beam. The strain at the interface between the actuator and substrate is equal, using the assumption of perfect bonding. This assumption leads us to the following moment equation derived by Chaudhry and Rogers [2] .
where k is the curvature of the beam and I a and I b are the moment of inertia of the actuator and beam respectively. These values are then expressed by
The physical constants are defined in Table 6 . The force transferred to the beam, M, is in the form of two opposing moments at the ends of the piezo. If the piezo is used as a sensor, it measures the difference in the rotations between the ends of the piezo.
The Bernoulli-Euler model is obviously a rough approximation of the actual structure. This model assumes a pinned-pinned beam in pure bending. The actual structure is a curved shell with a piezoelectric patch covering only a portion of it. This simplification produces two questions. Is it appropriate to model the force transferred from the PVDF to the Kapton as two opposing moments? Is the calculation of maximum possible force generated by the PVDF accurate? The answer to these two questions would better determine the validity of this model.
Control Methods
Two different control approaches will be investigated for the control system design. First pole placement techniques, using full state feedback and then adding an observer, are examined. These techniques present practical problems, such as observation spillover. A simpler control method, velocity feedback, is then explored to determine its effectiveness. Velocity feedback also has limitations. An observer can be designed to roll off at high frequencies but velocity feedback control does not roll off, so it can have a significant impact on higher order modes. The problem of observation spillover will be examined to determine its effect on the system. Twenty PVDF piezopolymer actuators are used to control the structure. Ten actuators on the outer surface control in-plane modes and ten actuators on the top surface control out-of-plane modes. The location and number of these actuators has been chosen somewhat arbitrarily. The piezos used as actuators are also used as sensors on the model. This can be accomplished through the process developed by Dosch, Inman, and Garcia [4] . Using this process produces collocated sensors and actuators.
The force from the actuator influences the system through the control input matrix B in Equation (11) . For a system with twenty actuators B has dimensions of 10 Â 20, considering ten modes. The actuators are assumed to bend only on their primary axis. The actuators on the outer surface create force in only the rotz (rotation about the z axis) direction. The actuators on the top surface create force in both the rotx and roty direction depending on their orientation. See Figure 3 for a definition of the coordinate system.
Consider the example of a four node system with rotations in x, y, and z at each node. The first two nodes represent a piezo on the top of the torus and the second two nodes represent a piezo on the bottom of the torus. The angle is the angle from the x axis, in the xy-plane to the center of the piezo. For this case the control input matrix B is 
There is a small amount of coupling between in-plane and out-of-plane modes. The coupling is induced by placement of the actuators, which results in slightly nonsymmetric mass loading of the torus. The actual structure will exhibit some coupling due to small asymmetries in the torus, as well as the asymmetries caused by the location of the actuators. The small asymmetries in the torus are due to manufacturing variability.
Full State Feedback
Full state feedback control is not very practical. It requires the measurement of every state in the model. This is not really possible in this system, however an examination of full state feedback should give some insight into the problem and acts as a natural precursor to discussion of state observers.
The full state feedback controller will be implemented in modal space to help reduce the order of the model. Only the first ten modes will be considered. It is important to remember that the modes come in orthogonal pairs, so the first ten modes can be thought of representing only five motions.
Full state feedback design in state space considers the control force f to be of the form
where G has as many rows as inputs. Substituting the result from Equation (24) into Equation (12) produces
Physically this represents a controller that can measure every state in the model and then using these measurements, feedback force to the actuators. This model is not representative of the actual system because all the states Finite Element Modeling and Active Control of an Inflated Torus cannot be directly measured. The only states that can be directly measured are those measured by the piezos. The matrix B represents the location of the inputs to the system. At this point the poles of ð " A A À " B BGÞ can be chosen to be any value by the appropriate choice of the G matrix. The limitation on the choice of the poles is that the more the poles are moved the greater the values in the G matrix and thus the greater the required actuator force.
Consider an external disturbance expressed as
where f d is the external disturbance and F is a pointer to show where the external disturbance acts. Now Equation (26) can be written in compact form as
Using this equation the closed loop response of the system to an external disturbance can be determined.
Use of an Observer
A more feasible approach to control design is to use an observer. An observer estimates the states of the system by measuring only a subset of the states, through the sensors in the system [8] . The estimated states,q q, are then used to implement feedback in the same manner as full state feedback. The key difference is that the feedback is based on the estimated states,q q, not the actual states, q. Thus the control law is
The observer is represented by the equation
where K is a matrix of gains and y sens is the sensor output represented by
Under the assumption that the sensor output, y sens represents both position and velocity, " C C sens can be expressed as
Consider the example of a four node system with rotations in x, y and z at each node. The first two nodes represent a piezo on the top of the torus and the second two nodes represent a piezo on the bottom of the torus. The angle is the angle from the x axis, in the xy-plane to the center of the piezo. Refer Figure 3 for a definition of the coordinate system.
In this case there are two outputs making the vector y sens a 2 Â 1. The matrix C sens is then defined as It is clear from Equation (29) that the observer is a dynamic system. Thus the estimated states have a dynamic response. The error between the estimated states and the actual states is expressed by
The speed at which the error converges to zero depends on the location of the poles of the matrix " A A À K " C C sens : These poles can be chosen to be any value through the gain matrix K as long as the system is observable.
The gain matrix, K, determines the poles of the observer and thus the dynamic response of the observer. It is generally desirable to have the observer respond much faster than the physical system. This is analogous to picking the gain matrix G when designing a full state compensator, however there is one significant difference. Choosing large gains G results in large control forces. The gains K are internal to the system and do not manifest themselves in any physical actuation in the observer system so there is no direct limitation on their value. It is, however, desirable to limit the gains K because they affect the magnitude of the compensator. A compensator with large magnitudes will have more sensitivity to noise.
The complete dynamic system, the physical system and the observer expressed by Equations (12) and (29), can now be combined to produce
The poles of this system can be shown to be equal to the poles of " A A À " B BG and " A A À K " C C [8] . This means that the poles of the complete dynamic system are the combination of the poles that were chosen for full state feedback and the poles that were chosen for the observer. Using this information the gain matrices G and K can be chosen to fully define the response of the system. The disadvantage of using an observer is that it adds additional dynamics to the system. This can lead to the problem of observation spillover. Observation spillover can produce instability in the system. Observers can be designed to roll off at higher frequencies in order to reduce the potential for instability. The spillover can be reduced if the sensor signals are filtered to remove contributions of higher order modes [17] .
Observation Spillover
To determine the effect of the control forces on the uncontrolled modes one can examine the matrix equation 
where the subscript R represents the residual modes, therefore
where É R represents the residual modes of the system. Development of these equations are found in many sources [17] . While q R is infinite dimensional, in reality only a finite number of modes can be excited in the system. The actual system can be approximated by choosing a finite dimension q R without significant loss of accuracy assuming that a large enough number of modes are considered [17] . The term K " C C R in Equation (35) demonstrates why observation spillover can cause instability. This presence of this term changes the eigenvalues of the system and has the potential to move them into the right hand side of the s-plane. The residual modes will not necessarily be moved into an unstable region of the s-plane but in the case of little or no damping they are close to imaginary axis and are the most vulnerable [17] .
Velocity Feedback
A velocity feedback control algorithm is a straightforward method to add damping to a system. It is a practical way to implement feedback control and does not require the use of an observer and the problems associated with observers. Unfortunately velocity feedback algorithms have problems as well. A velocity feedback controller does not roll off, so it applies gain even at high frequencies. Observer-based controllers can be designed to roll off at higher frequencies thereby limiting the potential for instability in the higher order modes.
Velocity feedback design considers the control force f to be of the form
The most obvious differences between velocity feedback and full state modal feedback is that force is dependent not on the modal states, q, but the sensor outputs in real coordinates, C sens _ x x. In this case the sensor output is the time rate of change of voltage from the piezos, represented by the equation
The time rate of change of the voltage is proportional to the difference between the rates of rotations at each end of the piezo. Consider the example of a four node system with rotations in x, y, and z at each node. The first two nodes represent a piezo on the top of the torus and the second two nodes represent a piezo on the bottom of the torus. The angle is the angle from the x axis, in the xy-plane to the center of the piezo. See Figure 3 for a definition of the coordinate system.
In this case there are two outputs making the vector y sens a 2 Â 1. The matrix C sens is then defined as At this point the sensor output, y sens can be solved for this hypothetical case. This is proportional to the voltage output from the piezo. This ''voltage'' can now be multiplied by the gain matrix G represented by
where g1 and g2 represent the gains applied to each actuator. The output multiplied by the gains represents the control force applied to the torus. The full equation of motion can now be represented by
by remembering that _ x x ¼ Éq 2 from Equations (3) and (8). The input force from each piezo then needs to be transferred back to the appropriate degrees of freedom through the B matrix. Reconsidering the previous example, the B matrix is defined as 
Now the equation of motion can be represented as
It can clearly be seen here that the feedback force adds only damping to the system by affecting only the q 2 states which represent _ r r, the modal velocities. The response of the system to a disturbance can be modeled as
where f d is a disturbance force and F is a pointer indicating the degree(s) of freedom that the disturbance acts on.
RESULTS
Effect of Torus Aspect Ratio on Mode Shapes
The aspect ratio of the torus has a significant impact on not only the natural frequencies of the torus, but also on the mode shapes. The aspect ratio of a torus is defined by the radius of the tube divided by the radius of the ring, see Figure 2 . The torus of interest here has a small aspect ratio so all of the lower modes are orthogonal pairs of ring modes, alternating in and out of the plane of the torus. Looking at the higher order modes of the torus, different types of modes are found. There are sloshing modes, where the tube expands and contracts from side to side, breathing modes, where the torus expands and contracts uniformly, axisymmetric modes like those studied by Liepins [14] , and many other types of motions. The important fact is this, as the torus aspect ratio increases, these types of modes start to show up in the lower order modes. In general, the sequence of the modes, especially the higher order modes, changes significantly as the aspect ratio increases. Table 7 compares the natural frequencies of four toroids with different aspect ratios, these toroids do not have PVDF patches. The ring diameter is held constant for each of the models, at 15.24 m (600 in). Each of the models is meshed with 60 elements around the ring diameter and 12 elements around the tube diameter. The first model, with an aspect ratio of 0.04, has the dimensions of interest here.
The significant impact on mode shapes with changing aspect ratio is very important. For a torus with the aspect ratio of a car tire inner tube, there may be only a few ring modes present. This can have a significant impact on experimental work when trying to measure the mode shapes of a torus. This effect is also important when considering active control of the torus because mode shapes directly impact modal controllability and the placement of actuators and sensors. If the motion of the torus, within the frequency range of interest, is not solely ring modes, the actuators may need to be placed differently to create an effective controller.
Dynamic Effect of Passive PVDF
Williams studied the dynamic effect of passive PVDF patches on a tensioned membrane [21] . A passive PVDF patch refers to the dynamic effect of the PVDF considering only its mass and stiffness without electric excitation. He found that adding the PVDF lowered the natural frequencies of the tensioned membrane slightly but had no significant effect on the mode shapes. Essentially the PVDF patch added mass without significantly effecting the stiffness.
Adding PVDF patches to the torus has a similar effect, considering the torus The frequencies are lowered slightly but the mode shapes essentially remain the same through the first 14 modes, at least for thin flexible patches and toroids of the aspect ratio considered here. Figure 4 shows the effect of passive PVDF patches on the natural frequency of the torus. Two PVDF configurations were analyzed. The PVDF was added first to just the outer surface of the torus. The second configuration had PVDF patches on both the outer and the top surfaces of the torus, as defined in Figure 3 .
The effect of the bonding process has not been considered in this model. The additional mass is likely insignificant but, depending on the bonding process used, the stiffness may be significantly increased. Significant increases in stiffness could have additional effects on the response of the torus. Careful choice of bonding techniques should minimize changes to the dynamics of the torus.
Effect of Pressure on Natural Frequencies
Changing the pressure inside the torus has a significant effect on its natural frequencies. 
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show the effect of changing pressure from 0.5 to 2.5 psi on the first fourteen modes of toroids with aspect ratios 0.04 and 0.32 respectively. The frequencies increase with increasing pressure, as expected. One less obvious, and more important, result is that for toroids of large aspect ratios, the order of the mode shapes changes significantly with increasing pressure. Charts showing types of modes at various inflation pressures for toroids with aspect ratios of 0.04 and 0.32 are shown in Figures  6 and 8 respectively. Again, the importance of the aspect ratio of the torus on its dynamic behavior is found to be very important.
Open Loop Response of Torus
The open loop response of the torus to in-plane excitation, including the passive effect of the PVDF patches, is shown in Figure 9 . The open loop response to an out-of-plane excitation is similar. The impulse applied in both the in-plane and out-of-plane cases is 4.4e À6 N s (1e À6 lbf s). The damping seen in the response is due to the 1% modal damping in the model.
The response in the direction of excitation, either inplane or out-of-plane, is clearly dominated by the mode shapes in that direction. The minimal response in the orthogonal direction is a summation of mode shapes in both directions as a result of the small amounts of coupling in the model due to slight asymmetries caused by the PVDF.
Observer Based State Feedback Control
The torus is controlled with 20 PVDF actuators, 10 located on the outer surface and 10 on the top surface of the torus, as shown in Figure 3 . These actuators are modeled as applying opposing moments to the torus at their ends. The first 10 modes of the structure are controlled and the response is simulated.
The gains, g, of the system were chosen using optimal control theory as discussed in Section ''Finite Element Model Verification''. The objective of the design was to obtain the shortest settling time while not violating the maximum available actuator force. The poles of the observer were chosen using pole placement methods. The gains, k, for the observer were then calculated by MATLAB using the place command. The gains k are not unique so MATLAB minimizes the norm of the matrix. These gains were found to produce significant observer spillover, as discussed in the next subsection. New observer gains were then designed using optimal control theory.
The response to an in-plane excitation and the output forces are shown in Figures 10 and 11 . The response to an out-of-plane excitation is similar. It is interesting to note the significant out-of-plane response to an in-plane excitation, and vice versa. This occurs due to the coupling induced by the gain matrix. This is the problem of control spillover. Because the control response is a function of the response of each mode, the out-of-plane controller is excited by the in-plane response. This problem can be avoided by a more judicious choice of the gain matrix. The gain matrix can be chosen such that the in-plane response is only fed back to the in-plane actuators and the out-of-plane response to the out-ofplane actuators. While in theory this appears easy it is somewhat more difficult to implement. Figure 11 . Observer based closed loop output force for in-plane excitation, observer designed using optimal control. Figure 10 . Observer based closed loop impulse response to in-plane excitation, observer designed using optimal control.
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Effect of Observer Spillover
Observation spillover can lead to instability in observers, as noted in Section ''Finite Element Model Verification''. To examine this effect, as formulated in Equation (35), 20 residual modes are considered for two observers designed using pole placement and optimal control. When considering the residual modes from the pole placement design, the system becomes unstable. Using optimal control to design the observer, the system performance is degraded but it does not become unstable, as seen in Figure 12 . It is important to note that the stability of the observer should not be concluded to be a function of the design method used. The purpose of this demonstration is to show that the effects of observer spillover need to be accounted for, the importance of which should be shown here. Generally speaking a compensator can be designed that rolls off at frequencies above the controlled frequencies, thereby reducing the problem of observation spillover.
Results of Velocity Feedback Control
The torus is controlled with 20 PVDF actuators, 10 located on the outer surface and 10 on the top surface of the torus, as shown in Figure 3 . These actuators are modeled as applying opposing moments to the torus at their ends. The first 10 modes of the structure are controlled and their response is simulated. The effect of the velocity feedback controller on the higher order modes is not considered here. Velocity feedback does not roll off at high frequencies, so the influence of the higher order modes can be significant. The velocity feedback controller was able to reduce the impulse response settling time to about 1 s, based on a 5% of max value settling criteria. The impulse applied was 4.4e À6 N s (1e À6 lbf s). The in-plane and out-ofplane impulse responses to an in-plane excitation are shown in Figure 13 . The response to an out-of-plane excitation is similar. The maximum actuator force, for both the top and outer actuators is shown in Figure 14 .
SUMMARY OF RESULTS
The aspect ratio and inflation pressure of an inflated torus has significant effect on its dynamics. Toroids of large aspect ratios experience greater changes in mode shapes with changing pressure. The addition of PVDF patches does not have a significant effect on the dynamic response of the torus, however the effect of the bonding process has not been considered. The results of implementing observer based state feedback and velocity feedback control methods are also presented in this section. Although spillover is only discussed for observers, it is also important for direct output feedback, because direct output feedback does not roll off at high frequencies. The controllers designed here verify that the vibratory response of the torus can be controlled using PVDF actuators (Table 8) .
CONCLUSIONS
The inflation pressure and aspect ratio of a torus are found to have significant impact on its dynamic response. Increasing the inflation pressure generally increases the natural frequencies of the torus. This result should be expected since increasing inflation pressure essentially stiffens the torus. The vibratory response of toroids with small aspect ratios, skinny tubes, is dominated by ring modes. When looking at toroids with larger aspect ratios, toroids with fat tubes, the vibratory response contains many different types of modes. For this reason it may be more difficult to attenuate vibration in toroids with large aspect ratios. Also, increasing pressure in toroids with large aspect ratios tends to affect the sequence of the modes. Any structuralacoustic interaction that could occur is not considered.
Piezoelectric PVDF patches have a very limited effect on the vibratory response of toroids with small aspect ratios, considering only their passive effect. Generally the natural frequencies are decreased slightly, as should be expected by adding mass to the system, but there is little influence on the mode shapes. Only part of the stiffness of the PVDF patch is considered because the PVDF and Kapton are assumed to lie in the same plane instead of being layered.
Using a closed loop feedback system the vibratory response of an inflated torus can be attenuated significantly compared to its open loop response. The PVDF is modeled very simply. This simple model can be questioned in two ways. Is it appropriate to model the force transferred from the PVDF to the Kapton as two opposing moments? Is the calculation of the maximum possible amount of force generated by the PVDF correct? Vibratory control of an inflated torus is shown to be possible. The effect of spillover is significant when designing any vibration suppression system and must be considered in order to produce a viable design.
Additional details of the analysis can be found in [13] . Finite Element Modeling and Active Control of an Inflated Torus
